Introduction
Let x denote a real number and let n denote a positive integer. Problem 5 of the 1981 U.S.A. Mathematical Olympiad was to prove that
where [t] denotes the greatest integer less than or equal to t. Observe that
This relation does not, however, obviously imply (1), because the sum on the righthand side of (2) is not necessarily an integer. Proofs of (1) (This is the content of Proposition 3. . Let S n denote the range of this function; it is a finite set of rational numbers. Let S = ∞ n=1 S n ; it is a countable set of rational numbers and relation (1) is equivalent to the statement that the elements of S are all nonnegative. The main result of this paper is: (ii) The members of S smaller than λ are given by 0, , ∞ .
In particular, (3) To prove (3), this paper will focus attention on the smallest number y satisfying [ky] = [kx] for every k in {1, . . . , n}, when n and x are fixed. This approach, or a similar idea, is also used in [3, p. 92] and [5, p. 279] . This paper is organized as follows. Section 2 contains a new, simple proof of (1). In Sections 3 and 4 we obtain necessary and sufficient conditions for + 1) ). We will then establish the main result (3) in Section 5. Finally, Section 6 contains a proof that
n . This gives an upper bound for S n which complements the lower bound for S n implied by (1).
A lower bound for S n
We begin by sketching a new proof of the Olympiad problem (1), which we restate below. Recall that S n denotes the set of numbers of the form [nx] − 
Proof. Let n be a fixed positive integer. Define
Note that x ≥ x n and x n ≥ [kx]/k for every k ∈ {1, . . . , n}. Therefore
. Thus x n is the smallest real number satisfying (4) .
[kx]/k will now be proved by induction on n; it obviously holds for all x when n = 1. Suppose now that n > 1 and let r denote the element of {0, 1, . . . , d − 1} which is congruent to n modulo d. Observe that (n − r)x n is an integer, because n − r is a multiple of d and
By the induction hypothesis and (4) we have
This relation and (4) 
Preliminary analysis
We now turn toward establishing the main result (3). The next result is a partial result in this direction and will provide us with some of the background for establishing (3) . We make use of the same notation as in the proof above, namely
It is clear that d n,x ≤ n. It is shown in the proof below that d n,x is the denominator of x n in lowest terms.
n}. This observation and the fact that [kx]/k ≥ [x] for any x and any integer
Suppose now that d n,x > 1, and let r denote (as before) the element of {0, 1, . . . , d − 1} which is congruent to n modulo d. Statements (4) and (6) imply that
Note that n ≥ r + d, because n ≥ d > r and n ≡ r (mod d). Therefore
Observe that, if k is an element of {1, . . . , n} such that kx n is an integer, then
is the smallest positive integer such that dx n is an integer. Hence d and dx n are relatively prime. Therefore, if k varies over a set of integers which are pairwise incongruent modulo d, then the integers kdx n will be pairwise incongruent modulo d, and hence the integers kdx n − d[kx n ] will also be pairwise incongruent
if R is a set of d integers which are pairwise incongruent modulo d,
A similar observation is made in [3, p. 92] . By (9),
This equation and the supposition that
From (7) and (8), we deduce that
Proof. By Proposition 3.1 it suffices to show that
Note that [nx] = 
This result, and a proof of it, can be found in [2, p. 261].
Lemma 3.4. Suppose that p and q are relatively prime integers and q ≥ 2. Then for every positive integer n
In other words, f n (p/q) < f n+q (p/q).
Proof. Let t = p/q, and note that t is not an integer. This implies that (n + q)t and (n + q − 1)t cannot both be integers, so either [(n + q)t] < (n + q)t or [(n + q − 1)t] < (n + q − 1)t (or both). Thus [kt]/k < t for k = n + q or n + q − 1; note also that [kt]/k ≤ t for any t and any k ≥ 1. We deduce that
where the last equality uses that qt = p is an integer. Adding
[kt]/k to both sides of this relation yields the desired inequality.
Let r denote the element of {0, 1, . . . , d − 1} which is congruent to n modulo d. 
From (8), (10), and (11), this implies
This inequality and (4) imply that [nx] − n k=1
[kx]/k > 1/3. Suppose now that r(x − [x]) < 1. This inequality and the initial supposition that
Inequality (7) and the first inequality of (8) imply that
We seek a good lower bound for
This observation and Lemma 3.3, with {b 1 , . . . ,
Similar inequalities can be found in [3, pp. 92, 93] . From (12), we obtain
Define h = [(d − 1)/2] + 1. Suppose at first that d is even. Then d = 2h and by (11) we have h ≥ 2. From (14), we obtain
Note that
Statements (15) and (16), together with the fact that h ≥ 2, imply that
This inequality and (13) establish the proposition when d is even.
Suppose now that d is odd. Then
is a decreasing function of h. Using (16), this implies
Statements (17) and (18) imply that, if h ≥ 5, then
This inequality and relation (13) establish the proposition when d is odd and d ≥ 9. One verifies, using (13) To finish the proof, by observation (11) it suffices to consider the case that d = 3.
Observe that [2n/3] − .
.
[kx]/k = 4/15. If n = 3 and n = 5, then
Proof. Observe that (4) implies
One can easily prove by induction on m that
. 
If in addition n = 2d − 1, then by (21)
This establishes statement (i) of the proposition. Observe that 2m−2 k=m 1/k is an increasing function of m ≥ 1, because
From (21), we deduce
From this inequality and (22), we get
As mentioned in the introduction, λ = 1 − log 2. This can be obtained from (21) by comparing the sum on the left-hand side to an integral. We deduce that
This inequality can in fact be established without evaluating λ explicitly by rewriting the sum defining λ as a telescoping series.
Earlier in this proof, we showed that 
From 
Therefore, from Proposition 3.5 and from (25),
This inequality and relations (24) and (27) establish statement (ii) of the proposition. (25) and (28) establish statement (iii) of the proposition for n ≥ 6. Recall that n ≥ d, so n ≥ 2. One can verify, using (25) and (28), that (iii) holds for n = 2, 3, 4 and 5.
Hence it holds for all n.
Proposition 4.1 implies that, for most pairs (n, x) (especially when n is large),
Proof of main theorem
We now prove the main result of this paper (in equivalent form (3)). , ∞ .
It was observed in the introduction that S contains 0 and 4/15 and all the partial sums of the series ∞ k=1 1/(2k(2k + 1)). This observation and statement (29) imply that, to finish the proof, it suffices to show that S contains a dense subset of the interval ( ∞ k=1 1/(2k(2k + 1)), ∞). Let u denote a real number such that u ≥ ∞ k=1 1/(2k(2k + 1)). It will be shown that there are elements of S which are arbitrarily close to u. Let t denote an integer such that t ≥ 2.
Claim. There is a positive integerm =m u,t such that
In other words, fm t+t−1 (1/t) < u < fm t (1/t).
Proof of the claim. Observe that by (21)
Note that, for every positive integer m,
where in the last step we have used that t/(t − 1) ≤ 2 for any t ≥ 2. This inequality and the fact that [k/t]/k < u. Letm =m u,t denote the largest such integer; statement (30) implies thatm exists withm ≥ 1. The definition ofm implies thatm
Observe that
where in the last line we have used that
Since j/t < 1 ≤m for j < t, we obtain from (32) that
Adding a constant to both sides of this inequality yieldŝ
This inequality and relation (31) establish the claim.
Note that the distance between two adjacent elements of {m − n k=1 [k/t]/k : n =mt,mt + 1, . . . ,mt + t − 1} is less than or equal tom/(mt + 1) < 1/t. This observation and the claim imply that there is an integern =n u,t such that mt ≤n ≤mt + t − 1 and Note that |u − s u,t | < 1/t, by (33), so |u − s u,t | approaches 0 as t approaches ∞.
Since s u,t lies in S for any t ≥ 2, u lies in the closure of S. This holds for any u ≥ ∞ k=1 1/(2k(2k + 1)), so S contains a dense subset of ( ∞ k=1 1/(2k(2k + 1)), ∞). Remark. The preceding proof and the remark made after statement (3) imply that Theorem 5.1 holds true when we restrict x in the definition of S to be numbers of the form 1/t where t is a positive integer. The following theorem sharpens this inequality. 
because dx n is an integer (in fact, dx n = [dx]). Assume at first that d < n. From (4) and (34), we deduce that
We use the induction hypothesis to get an upper bound on the first two expressions on the right and use that [(n − d)x n ] ≤ (n − d)x n to get an upper on the last two expressions. We obtain that
This proves the desired bound when d < n. (In this case, the bound is strict.)
